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Introduction & Motivation: Connectionist Systems

I Well-suited to learn, to adapt to new environments, to degrade gracefully etc.

I Many successful applications.

I Approximate functions.

. Hardly any knowledge about the functions is needed.

. Trained using incomplete data.

I Declarative semantics is not available.

I Recursive networks are hardly understood.

I McCarthy 1988: We still observe a propositional fixation.

I Structured objects are difficult to represent.

. Smolensky 1987: Can we instantiate the power of symbolic
computation within fully connectionist systems?
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Introduction & Motivation: Logic Systems

I Well-suited to represent and reason about
structured objects and structure-sensitive processes.

I Many successful applications.

I Direct implementation of relations and functions.

I Explicit expert knowledge is required.

I Highly recursive structures.

I Well understood declarative semantics.

I Logic systems are brittle.

I Expert knowledge may not be available.

. Can we instantiate the power of connectionist computation
within a logic system?
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Introduction & Motivation: Objective

I Seek the best of both paradigms!

I Understanding the relation between connectionist and logic systems.

I Contribute to the open research problems of both areas.

I Well developed for propositional case.

I Hard problem: going beyond.

I In this lecture:

. Overview on existing approaches.

. Logic programs and recurrent networks.

. Semantic operators for logic programs can be computed
by connectionist systems.

Introduction to the core method.
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Connectionist Networks

I A connectionist network consists of

. a set U of units and

. a set W ⊆ U × U of connections.

I Each connection is labeled by a weight w ∈ R.

I If there is a connection from unit uj to uk, then wkj is its associated weight.

I A unit is specified by

. an input vector~i = (i1, . . . , im), ij ∈ R, 1 ≤ j ≤ m,

. an activation function Φ mapping~i to a potential p ∈ R,

. an output function Ψ mapping p to an (output) value v ∈ R.

I If there is a connection from uj to uk

then wkjvj is the input received by uk along this connection.

I The potential and value of a unit are synchronously recomputed (or updated).

I Often a linear time t is added as parameter to input, potential and value.

I The state of a network with units u1, . . . , un at time t is (v1(t), . . . , vn(t)).
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Propositional Logic

I Existing Approaches

. Finite Automata and McCulloch-Pitts Networks

. Weighted Automata and Semiring Artificial Neural Networks

. Propositional Reasoning and Symmetric/Stochastic Networks

. Other Approaches

I Proposititonal Logic Programs and the Core Method

. The Very Idea

. Logic Programs

. Propositional Core Method

. Backpropagation

. Knowledge-Based Artificial Neural Networks

. Propositional Core Method using Sigmoidal Units

. Further Extensions
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Finite Automata and McCulloch-Pitts Networks

I McCulloch, Pitts 1943:
Can the activities of nervous systems be modelled by a logical calculus?

I A McCulloch-Pitts network consists of a set U of binary threshold units
and a set W ⊆ U × U of weighted connections.

I The set UI of input units is defined as UI = {uk ∈ U | (∀uj ∈ U) wkj = 0}.
I The set UO of output units is defined as UO = {uj ∈ U | (∀uk ∈ U) wkj = 0}.

McCulloch-Pitts
network

-

-

...UI

-

-

... UO

I Theorem McCulloch-Pitts networks are finite automata and vice versa.
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Binary Threshold Units

I uk is a binary threshold unit if

Φ(~ik) = pk =
Pm

j=1 wkjvj

Ψ(pk) = vk =


1 if pk ≥ θk

0 otherwise

where θk ∈ R is a threshold.

I Three binary threshold units:

v1 -
w21 = −1 θ2

= −0.5

u2

- v2 = ¬v1

v2 -

w32 = 1

v1 -
w31 = 1

θ3 = 0.5

u3

- v3 = v1 ∨ v2
v2 -

w32 = 1

v1 -
w31 = 1

θ3 = 1.5

u3

- v3 = v1 ∧ v2
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Weighted Automata and Semiring Artificial Neural Networks

I Bader, Hölldobler, Scalzitti 2004:
Can the result by McCulloch and Pitts be extended to weighted automata?

I Let (K,⊕,�, 0K, 1K) be a semiring.

I uk is a⊕-unit if
Φ(~ik) = pk =

Lm
j=1 wkj � vj

Ψ(pk) = vk = pk

I uk is a�-unit if
Φ(~ik) = pk =

Jm
j=1 wkj � vj

Ψ(pk) = vk = pk

I A semiring artificial neural network consists of a set U of⊕- and�-units
and a set W ⊆ U × U of K-weighted connections.

I Theorem Weighted automata are semiring artificial neural networks.
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Symmetric Networks

I Hopfield 1982: Can statistical models for magnetic materials
explain the behavior of certain classes of networks?

I A symmetric network consists of a set U of binary threshold units
and a set W ⊆ U × U of weighted connections
such that wkj = wjk for all k, j with k 6= j.

I Asynchronous update procedure:
while state ~v is unstable: update an arbitrary unit.
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I Minimizes the energy function E(~v) = −
P

k<j wkjvjvk +
P

k θkvk.
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Stochastic Networks or Boltzmann Machines

I Hinton, Sejnowski 1983: Can we escape local minima?

I A stochastic network is a symmetric network,
but the values are computed probabilistically

P (vk = 1) =
1

1 + e(θk−pk)/T

where T is called pseudo temperature.

I In equilibrium stochastic networks are more likely to be in a state with low energy.

I Kirkpatrick etal. 1983: Can we compute a global minima?

I Simulated annealing: decrease T gradually.

I Theorem (Geman, Geman 1984)
A global minima is reached if T is decreased in infinitesimal small steps.
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Propositional Reasoning and Energy Minimization

I Pinkas 1991:
Is there a link between propositional logic and symmetric networks?

I Let D = 〈C1, . . . , Cm〉 be a propositional formula in clause form.

I We define

τ (C) =

8>><>>:
0 if C = [ ],
p if C = [p],
1− p if C = [¬p],
τ (C1) + τ (C2)− τ (C1)τ (C2) if C = (C1 ∨ C2).

τ (D) =
Pm

i=1(1− τ (Ci))

I Example

τ (〈[¬o, m], [¬s,¬m], [¬c, m], [¬c, s], [¬v,¬m]〉)
= vm− cm− cs + sm− om + 2c + o.
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Propositional Reasoning and Symmetric Networks

I Theorem ~v |= D iff τ (D) has a global minima at ~v.

I Compare τ (D) = vm− cm− cs + sm− om + 2c + o

with E(~v) = −
P

k<j wkjvjvk +
P

k θkvk.
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Propositional Non-Monotonic Reasoning

I Pinkas 1991a:
Can the above mentioned approach be extended to non-monotonic reasoning?

I Consider D = 〈(C1, k1), . . . , (Cm, km)〉, where Ci are clauses and ki ∈ R+.

I The penalty of ~v for (C, k) is k if ~v 6|= C and 0 otherwise.

I The penalty of ~v for D is the sum of the penalties for (Ci, ki).

I ~v is preferred over ~w wrt D

if the penalty of ~v for D is smaller than the penalty of ~w for D.

I Modify τ to become τ (D) =
Pm

i=1 ki(1− τ (Ci)), e.g.,

τ (〈([¬o, m], 1), ([¬s,¬m], 2), ([¬c, m], 4), ([¬c, s], 4), ([¬v,¬m], 4)〉)
= 4vm− 4cm− 4cs + 2sm− om + 8c + o.

I The corresponding stochastic network computes most preferred interpretations.
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Proposititonal Logic Programs and the Core Method

I The Very Idea

I Logic Programs

I Propositional Core Method

I Backpropagation

I Knowledge-Based Artificial Neural Networks

I Propositional Core Method using Sigmoidal Units

I Further Extensions
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The Very Idea

I Various semantics for logic programs coincide with fixed points of associated im-
mediate consequence operators (e.g., Apt, vanEmden 1982).

I Banach Contraction Mapping Theorem A contraction mapping f defined on
a complete metric space (X, d) has a unique fixed point. The sequence
y, f(y), f(f(y)), . . . converges to this fixed point for any y ∈ X.

. Fitting 1994: Consider logic programs,
whose immediate consequence operator is a contraction.

I Funahashi 1989: Every continuous function on the reals can be uniformly approx-
imated by feedforward connectionist networks.

. Hölldobler, Kalinke, Störr 1999: Consider logic programs,
whose immediate consequence operator is continuous on the reals.
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Metrics

I A metric on a space M is a mapping d : M ×M → R such that

. d(x, y) = 0 iff x = y,

. d(x, y) = d(y, x), and

. d(x, y) ≤ d(x, z) + d(z, y).

I Let (M, d) be a metric space and S = (si | si ∈M) a sequence.

. S converges if (∃s ∈M)(∀ε > 0)(∃N)(∀n ≥ N) d(sn, s) ≤ ε.

. S is Cauchy if (∀ε > O)(∃N)(∀n, m ≥ N) d(sn, sm) ≤ ε.

. (M, d) is complete if every Cauchy sequence converges.

I A mapping f : M →M is a contraction on (M, d)
if (∃0 < k < 1)(∀x, y ∈M) d(f(x), f(y)) ≤ k · d(x, y).
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Propositional Logic Programs

I A propositional logic programP over a propositional language L
is a finite set of clauses

A← L1 ∧ . . . ∧ Ln,

where A is an atom, Li are literals and n ≥ 0.
P is definite if all Li, 1 ≤ i ≤ n are atoms.

I Let V be the set of all propositional variables occurring in L.

I An interpretation I is a mapping V → {>,⊥}.
I I can be represented by the set of atoms which are mapped to> under I.

I 2V is the set of all interpretations.

I Immediate consequence operator TP : 2V → 2V:

TP(I) = {A | there is a clause A← L1 ∧ . . . ∧ Ln ∈ P

such that I |= L1 ∧ . . . ∧ Ln}.

I I is a supported model iff TP(I) = I.
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The Core Method

I Let L be a logic language.

I Given a logic programP together with immediate consequence operator TP .

I Let I be the set of interpretations forP .

I Find a mapping R : I → Rn.

I Construct a feed-forward network computing fP : Rn → Rn, called the core,
such that the following holds:

. If TP(I) = J then fP(R(I)) = R(J), where I, J ∈ I.

. If fP(~s) = ~t then TP(R−1(~s)) = R−1(~t), where ~s,~t ∈ Rn.

I Connect the units in the output layer recursively to the units in the input layer.

I Show that the following holds

. I = lfp (TP) iff the recurrent network converges to or approximates R(I).

Connectionist model generation using recurrent networks with feed forward core.
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3-Layer Recurrent Networks

input layer

hidden layer

output layer
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I At each point in time all units do:

. apply activation function to obtain potential,

. apply output function to obtain output.
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Propositional Core Method using Binary Threshold Units

I Let L be the language of propositional logic over a set V of variables.

I LetP be a propositional logic program, e.g.,

P = {A, C ← A ∧ ¬B, C ← ¬A ∧ B}.

I I = 2V is the set of interpretations forP .

I TP(I) = {A | A← L1 ∧ . . . ∧ Lm ∈ P such that I |= L1 ∧ . . . ∧ Lm}.

TP(∅) = {A}
TP({A}) = {A, C}
TP({A, C}) = {A, C} = lfp (TP)
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Representing Interpretations

I I = 2V

I Let n = |V| and identify V with {1, . . . , n}.
I Define R : I → Rn such that for all 1 ≤ j ≤ n we find:

R(I)[j] =


1 if j ∈ I,

0 if j 6∈ I.

E.g., if V = {A, B, C} = {1, 2, 3} and I = {A, C} then R(I) = (1, 0, 1).

I Other encodings are possible, e.g.,

R(I)[j] =


1 if j ∈ I,

−1 if j 6∈ I.
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Computing the Core

I Consider againP = {A, C ← A ∧ ¬B, C ← ¬A ∧ B}.
I A translation algorithm translatesP into a core of binary threshold units:
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Some Results

I Proposition 2-layer networks cannot compute TP for definiteP .

I Theorem For each programP , there exists a core computing TP .

I RecallP = {A, C ← A ∧ ¬B, C ← ¬A ∧ B}.
I Adding recurrent connections:
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More Results

I A logic programsP is said to be strongly determined if there exists a metric d on
the set of all Herbrand interpretations forP such that TP is a contraction wrt d.

I Corollary Let P be a strongly determined program. Then there exists a core
with recurrent connections such that the computation with an arbitrary initial input
converges and yields the unique fixed point of TP .

I Let n be the number of clauses and m be the number of propositional variables
occurring inP .

. 2m + n units, 2mn connections in the core.

. TP(I) is computed in 2 steps.

. The parallel computational model to compute TP(I) is optimal.

. The recurrent network settles down in 3n steps in the worst case.

I See Hölldobler, Kalinke 1994 or Hitzler, Hölldobler, Seda 2004 for details.
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Rule Extraction (1)

I Proposition
For each core C there exists a programP such that C computes TP .
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1 1 2.5 1 −.7 0 .3 0 2 1 .7 1
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Rule Extraction (2)

I Extracted program:

P = { A1 ← ¬A1 ∧ ¬A2,

A1 ← ¬A1 ∧A2, A2 ← ¬A1 ∧A2,

A1 ← A1 ∧ ¬A2, A2 ← A1 ∧ ¬A2,

A1 ← A1 ∧A2, A2 ← A1 ∧A2 }.

I Simplified form:

P = {A1, A2 ← A1, A2 ← ¬A1 ∧A2}.
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