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Abstract. Morphisms constitute a general tool for modelling completation-
ships between mathematical objects in a disciplined fashioFormal Concept
Analysis (FCA), morphisms can be used for the study of stmatfroperties of
knowledge represented in formal contexts, with applicetito data transforma-
tion and merging. In this paper we present a comprehensiatnient of some
of the most important morphisms in FCA and their relatiopshincluding dual
bonds, scale measures, infomorphisms, and their respeaetigtions to Galois
connections. We summarize our results in a concept latimecumulates the re-
lationships among the considered morphisms. The purpdbésafork is to lay a
foundation for applications of FCA in ontology research aimdilar areas, where
morphisms help formalize the interplay among distributedwdedge bases.

1 Introduction

Formal Concept Analysis (FCA) [1] provides a fundamentathamatical methodol-
ogy for the creation, analysis, and manipulation of datalarmiviedge. Its field of ap-
plication ranges from social and natural sciences to mashprently computer science.
The automated processing of knowledge necessitates anstemding of its structural
properties in order to develop sound transformation allgors, ontology merging pro-
cedures, and other operations needed for practical agiplisa FCA is ideally suited
for such an understanding due to its sound mathematicallstaspphical base, rooted
in algebra and logic.

Fundamental structural properties can be captured by aateljeoretical treat-
ments [2], the heart of which areorphismsas structure-preserving mappings. In turn,
morphisms provide abstract means for the modelling of datsstation, communica-
tion, and distributed reasoning, to give a few examplessThe theory and application
of morphisms between formal contexts have recently becofoeah point in FCA.

Institution theory[3], developed in the 80’s, uses formal contexts and apjmtgr
morphisms to represent a broad class of logics. The reguttsthematical theory has
been applied as a basis for various programming languagee. tdcently, similar ideas
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have been used as a foundation of a theoipfarmation flow{4], recently considered
in the context ofontology research5, 6]. While the focus of the above is more on
communication and transport of information, researclCbn space§?] (a special case
of which are formal contexts) considers similar morphisrosfa categorical viewpoint
in order to obtain categories with certain specific propstti

Although morphisms between contexts have been investigatall of the above
research areas, they mostly study the same kind of morphighish today are typi-
cally calledinfomorphismsThese, however, are only a special choice for morphisms in
FCA, and it is unclear whether they are in general preferabteher possible notions.
At least two other kinds of morphisms known in FCA deservéipalar attention. One
is the so-calleddual) bond a specific kind of relation between contexts which is of im-
portance due to its close relationship to Galois connestibhe other iscale measure
characterized by certain functional continuity propestie

In order to develop concrete applications to knowledge ggsing from structural
analysis based on category theory, it is of fundamental itapae to understand the
properties of and relationships betweeffatient notions of morphisms. So far, only a
few order- and category-theoretic treatments of morphisrfRCA are available, either
studying one kind of morphism in isolation or focusing ontffier specific types of
morphisms (an overview is given at the end of the followingtiea). The purpose of
this paper is thus to present a comprehensive study of thiimes among the three types
of major morphisms in FCA mentioned above. We explicate itteinterrelationships
and dependencies as a step stone for further developments.

The paper is structured as follows. After explaining sonedigrinaries in Section 2,
we study dual bonds and their relationships to direct prtedatformal contexts and
Galois connections in Section 3. In Section 4, dual bondwfeey certain continuity
properties are identified as an important subclass. Sebtiwals with the relationship
between scale measures, functional types of dual bond$zalwis connections, while
Section 6 is devoted to infomorphisms. In Section 7, we surim®aome of our results
in the form of a concept lattice of context-morphisms, whieh obtain by attribute
exploration. We conclude our results by discussing vanmssible directions for future
research in Section 8.

2 Preliminaries

Our notation basically follows [1], with a few exceptionsawhance readability for our
purposes. Especially, we avoid the use of the symlioldenote the operations that
are induced by a context. This will both clarify the expasitand allow us to useto
enrich our pool of possible entity names (like ig,ty € G”).We shortly review the
main terminology using our notation, but we assume thatehder is familiar with the
notation and terminology from [1]. Our treatment also reegsisome basic knowledge
of (antitong Galois connectionand theirmonotonevariant (a.k.aresiduated maps
which can also be found in [1].

A (formal) contexiK is a triple G, M, |) whereG is a set ofobjects M is a set of
attributes andl ¢ G x M is anincidence relationGivenO C G andA C M, we define:



O':={meM|g | mforallge O}, 1(O) :={me M |g | mfor someg € O},
A ={geG|glImforallmeA}, 17%A) :={geG|gl mforsomeme A}.

For singleton sets we use the common abbreviatipns {g})', 1(g) := 1({g}), etc. The
notationX' can be ambiguous if it is not clear whethéis considered a set of objects
or a set of attributes, so we will be careful to avoid suchagitins. We refer td (O)
as theimageof O and tol ~1(A) as thepreimageof A with respect to. We use these
notations for arbitrary binary relations.

A subselO c G is anextentof K wheneveO = O''. O is anattribute exten{object
extenj if there is some attribute (objectg) such thatD = n' (O = ¢'!). Intents object
intentsandattribute intentsare defined dually. Aonceptof K is an extent-intent pair
(O, A) such thaD = A' (or, equivalentlyA = O').

Since the extent and intent of a concept determine each atliguely, we will
usually prefer to consider only one of them. Our use of thesasbject exteniand
attribute intentconstitutes a slight deviation from standard terminology.

The central result of FCA is that contexts can be used to septeomplete lattices.

Theorem 1 ([1, Theorem 3]).For any contexK = (G, M, 1), the mappind-)" : 2¢ —
26 constitutes a closure operator on the poweg&tThe corresponding closure system
(in the sense of [1]) is the s&,(K) := {0 c G| O = O'"} of all extents of.

Similar statements are true for the mappipy' : 2¥ — 2M, which induces a clo-
sure systerB,(K). Under set inclusionB,(K) andB,(K) are dually order-isomorphic,
with (-)' : 26 — 2% and(-)' : 2* — 2C as the according isomorphisms.

We refer toBo(K) andB,4(K) ordered by set inclusion as tlodject-andattribute-
concept lattices

An important aspect of FCA is that contexts can be dualizetdcamplemented to
obtain new structures. These operations turn out to befaitalur subsequent studies.
Given a contexK = (G, M, I), the contextlualto K is K := (M, G, | 71). It is easy to
see that dualizing a context merely changes the roles ofiesatel intent. Thus, with re-
spect to the order of the concept lattices we MByY&E) = Ba(K) andB,(K9) = Bo(K).
The situation for complement, defined B8 = (G, M,}) with X :== (G x M) \ I, is
more involved since the concept latticeskondK® are in general not (dually) isomor-
phic to each other. We can observe immediately that duaizaind complementation
commuteX® = K9, Furthermore, the following lemma will be helpful.

Lemma 1. Given a contexk = (G, M, |) with objects gh € G, we find that ge h'' if
and only if he g'".

Proof. If g e h'' theng | mfor all me h'. Thush | mimpliesg | m. Contrapositively,
g+ mentailsh % m, which showsh e g*. o

Definitions of the relevant context-morphisms will be irtuzed in the subsequent
sections. An overview of the existing results on morphiamiSCA is givenin [1, Chap-
ter 7], which incorporates much information from [8], thdwuihe latter contains further
details from a more category-theoretic viewpoint. Bondd eriomorphisms, as well
as several other kinds of morphisms that we shall not considais paper, have been
studied in greater detail in [9]. Some newer results on daatls andelational Galois



connection®etween contexts can be found in [10]. Further related tiyatsons can be
found in [11], where infomorphisms are studied in conjumictivith monotone Galois
connectionscomplete homomorphisgand the so-calledoncept lattice morphisms
Morphisms relating FCA, domain theory, and logic have beedisd in [12].

3 Dual Bonds and Direct Product

The construction of concept lattices exploits the fact thatderivation operators){
form an antitone Galois connection. Naturally, Galois axtions are also of interest
when one looks for suitable morphisms for concept lattidestepresent Galois con-
nections on the level of contexts, functions between thedfadttributes or objects turn
out to be too specific. Instead, one uses certain relatidiedadual bondswhich we
study in this section. Most of the materials before LemmarBmmfound in [1, 9, 10f.

Definition 1. A dual bondbetween formal context§ = (G, M, 1) andL = (H, N, J) is
a relation RC G x H for which the following hold:

— for every object g G, off (which is equal to Ry)) is an extent of. and
— for every object ke H, hR (which is equal to R(h)) is an extent oK.

This definition is motivated by the following result:

Theorem 2 ([1, Theorem 53]) Consider a dual bond R between contéktandL as
above. The mappings

Br 1 Bo(K) = Bo(L) : X > XR and  ér: Bo(L) = Bo(K) : Y - YR

form an antitone Galois connection between the (objectreptlattices oK andL.
Conversely, given such an antitone Galois connectipi), the relation Rip =

{(@.n1hed@} = {(a.h)Ige@h)}is a dual bond, and these constructions are
mutually inverse in the following sense:

¢ = PRy, ¢ = PRy, R=Rj 5

Hence, formal contexts with dual bonds are “equivalent”damplete lattices with
antitone Galois connections. Referring to dual bonds aphisms might be somewhat
misleading, since they do not immediately satisfy the nemgsaxioms for category
theoretic morphisms. However, we will adhere to this tewtogy since it is indeed
possible to use dual bonds in a categorical fashion, prouidat objects, homsets and
composition are chosen appropriately (see [13] for détails

Before proceeding, let us note the following consequentenfma 1.

Lemma 2. Consider a dual bond R between contékts (G, M, 1) andL = (H, N, J).
Then Rg™) = R(g) and R1(h33) = R1(h) holds for any ge G, h € H. Especially,
R(g') and R1(h33) are extents.

3 Note that one could as well work with monotone Galois corinastwithout &ecting any
result. We do not feel any need to deviate from the traditioranulation here.



Proof. The inclusionR(g) < R(g'") is obvious for any relatiofR, sinceg € g"*. For

the converse, assume thlate R(g"), i.e. there is somg’ € g™ such thaig’ R h By

Lemma 1 we concludg € g"' which is a subset dR"1(h) since the latter is an extent.

This showsh € R(g) as required. The statement far* follows by a similar reasoning.
O

Now we ask how the dual bonds between two contexts can besesgeal. Since
extents are closed under intersections, the same is truthéoset of all dual bonds
between two contexts. Thus the dual bonds form a closurersyanhd one might ask
for a way to cast this into a formal context which has dual soad concepts. An
immediate candidate for this purpose is the direct proditttecontexts.

Definition 2. Given contextX = (G, M, 1) andL = (H, N, J), thedirect producbf K
andL is the contexK x L = (Gx H, M x N, V), where(g,h) V (m,n)iffg | morh J n.

Proposition 1 ([10]).Extents of a direct produdt x L are dual bonds fronK to LL.

Proof. It suffices to show that attribute extents are dual bonds, becaysxtmt is an
intersection of attribute extents and intersections of doads are still dual bonds. Thus
consider (, n) € M x N and defineR = (m, n)¥. We find thatR = (m' x H) U (G x nY).
Thus, for anyg € G, gR = H or g® = n’, both of which are extents ih. Likewise, for
he H, hR=m orhR = H, such thaRis indeed a dual bond. o

However, it is known that the converse of this result is falsee there are dual bonds
which are not extents of the direct product. We give the foitm counterexample:

Counterexample 1Consider the context = ({1, 2, 3}, {a, b, ¢}, |) with incidence rela-

tion | given as follows:
!lafb[c]

1j|x
2|l |x
3 X

Obviously, the relatioR = {(1, 1), (2, 2), (3, 3)} is a dual bond fronK to itself, since
all singleton sets are extents. However, we fiRfd= 0 in K x K. ThusR # RV =
{1,2,3} x {1, 2,3} is not an extent of the direct product.

As a consequence, the direct product does only represestiagiiished subset of
all dual bonds. In order to find additional characterizagifor these relations, we use
the following result.

Lemma 3. Given a binary relation R between objects, I€tdenote the intent associ-
ated with R when viewed as a set of objects of the direct pto@ansider the contexts
K = (G,M,l)andL = (H, N, J) and a relation RC G x H. For any attribute me M,
the following sets are equal:

— X1 =R'M ={neN|(mn)eR")
— X3 := R(m")? = {h e H | there is ge G with g¥ m and(g, h) € R}’



- X3 = ﬂgem* R(g)J
Furthermore, for any object g G, we find that R"(g) = RV(g")”? = Nimeg R(M*)7".

Proof. We first show the equality betwees andX,. If (m,n) € RY then @, h)V(m, n)
holds for all @,h) € R. Thus, ifg ¥ mfor some §,h) € R, one certainly hak J n
Hencen € X, and we obtairX; € X,. For the other direction consider somes X,.
Then forall @,h) € R, g * mimpliesh J n Hence (n, n) € RV andX; C X; as required.

Next observe thaX; clearly can be expressed (Qggem} R(g))J. The fact that this is
equal toX3 is a basic result of formal concept analysis (see e.g. [Jpd&ition 11]).

For the rest of the proof, note that is a relation between the sets of objects of the
dual context&® andLd. Thus we can apply the first part of the lemmaRnto obtain
the equality

R™(9) = R'(g")’ = [ | R"(m)”.
megh
Another application of the above results shows R4m) = R(m*)? and we obtain
Nmeg RY(M)? = Nimeg R(MY)?Y as required. i

Now we can state a characterization theorem for dual bontieidirect product.

Theorem 3. Consider the context€ = (G, M, 1) andL = (H, N, J) and a relation
R ¢ G x H. The following are equivalent:

(i) Ris an extent of the direct produkix L.
(i) Forallg € G, R@) = R(g")’ (= Nmeg RIM)™).
(i) Ris adual bond and, for all g G, Nmeg R(MH)?? = R(gM)

Proof. The equivalence of (i) and (ii) follows immediately from Lema 3 where we
established thaR"(g")? = Nmeg R(MH)?? = R77(g). Using Lemma 2 on condition (i)
yields Nmeg R(M*)?? = R(g), which is just condition (ii). o

Another feature of dual bonds in the direct product allowstlfie@ construction of
Galois connections other than those considered in Theorésivén a dual bon®R in
K xL, its intentRY is a dual bond fronik® to LY, which induces another antitone Galois
connection between the dual concept lattices. This Gatmisection appears to have
no simple further relationship to the antitone Galois cantioa derived fronR.

Corollary 1. Consider the context§ = (G, M, I) andL = (H, N, J) and an extent R of
the direct producK x L. There are two distinguished Galois connectigrs By(K) —
Bo(L) andggr : Bo(K)°° — Bo(L)°P and each of R, R ¢r and¢gy uniquely determines
the others (using)°P to denote the order duals of the respective concept laltices

Proof. Just use Theorem 2 ddandR". O

Of course any antitone Galois connection between two paseisavariantly induces
another antitone Galois connection, obtained by exchanigath adjoints. But there
appears to be no general way to construct an additionaloastiGalois connection
between the order duals of the original posets. Some of @uittss like Proposition 3
and Theorem 7 below, can be extended to account for this deBatois connection,
but we will usually prefer to save space and refrain fromrsggthis explicitly.



4  Continuity for Dual Bonds

Continuity is a central concept in many branches of mathemsdt is also of impor-
tance for formal concept analysis. However, we will gerlgradt be dealing with func-
tions but with relations such as dual bonds, so the notioroaficuity will be lifted
accordingly (the following is partially taken from [1]).

Definition 3. Consider context® = (G, M, 1) andL = (H, N, J). Arelation RCc Gx H
is extensionally continuoui it reflectsextents of_, i.e. if for every extent O df the
preimage R(O) is an extent oK.

R is extensionally object-continuoyattribute-continuodsif it reflects all object
extents (attribute extents) bf i.e. if for every object extent @ h’J (attribute extent
O = n’) the preimage R(O) is an extent oK (but not necessarily an object extent).

A relation isextensionally closedfom K to L if it preservesxtents ofk, i.e. if
its inverse is extensionally continuous fréuro K. Extensional object- and attribute-
closure are defined accordingly.

The dual definitions give rise fatensionakontinuity and closure properties.

Lemma 2 earlier shows that extensional object-continuity &losure are proper-
ties of any dual bond when considered as a relation betweeicamtext and the com-
plement of the other. We thus focus on extensional attribotginuity and -closure
in the present section. The other notions will however bezdémportant later on in
Section 5.

Whenever it is clear whether we are dealing with a relatiomtrbutes or on ob-
jects, we will tend to omit the additional qualifications tersionally” and “intension-
ally.” We also remark that neither object- nor attributexiouity is suficient to obtain
full continuity in the general case, as can be seen fR¥rin Counterexample 2.

Now we can investigate the interaction between continuity he representation
of dual bonds.

Theorem 4. Consider a dual bond R frol = (G,M,1)toL = (H,N,J). If R is
extensionally attribute-continuous fraknto LS, then R is an extent & x L and R is
intensionally object-closed froffi® to LL.

Proof. We will first show thatR(g)? = RY(g") holds for arbitraryg € G (x). Clearly,
RY(g") < R(g)’, sincen € R(g)’ for any (m, n) € RY for whichg  m.

For the other direction, assume that thera s R(g)”, i.e. all objects which ar&-
related tog satisfyn. Thusg relates to no objects that do not satisfy.e.g ¢ R1(n%).
Due to attribute-continuity oR, the latter is closed ii and thus there must be some
elemenim e R1(n3)' such thag * m. We want to show thai, n) € RY which follows
if any pair inRis V-related to fn, n). We only need to consider pairs which have a first
componenty such thaty’ + m. But theng’ ¢ R1(n3)"" = RY(n%) and we find that
n e R(@)’. Hence all pairsd’, ) € R satisfy (n, n) and we conclude that( n) € R".
Together with the above information th@t. m, this finishes the proof of.

Now it is immediate thaR is an extent of the direct product. Indeed, by property
(¥), we obtainR(g)’? = R"(g*)”. Now sinceR(g) = R(g)’”, this yields condition (ii) of
Theorem 3 which establishes the claim.
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Fig. 1. Formal contexts for Counterexamples 2 (left) and 3 (right).

Finally, note that£) also shows that the sBY(g") is an intent ofL, such thaR" is
indeed object-closed. O

Of course, analogous results can be obtained for closurexdlyaeging the roles
of K andLL. One may wonder whether similar statements can be provetudrbonds
which are fully continuous aridr closed. However, this is not the case:

Counterexample 2Consider the contexi§ = ({1, 2}, {a, b}, 1) andL = ({3, 4}, {c,d, €},
J) depicted in Fig. 1 (left). DefinR = {(1, 3), (2, 4)}. All subsets of1, 2} are extents of
bothK andK°. Likewise, all subsets dB, 4} are extents of. andL®. ThusRis trivially
closed and continuous in every sense. However, we findRhat {(a, d), (b, ¢)} is not
closed fromKe® to L. Indeed,{a, b} is an intent ofK® but R ({a, b}) = {c,d} is not an
intent ofLL, since{c, d}’” = {c, d, e}.

Other easy counterexamples for this claim can be obtaineskplpiting the fact
that for any relation the image and preimage of the emptysse¢cessarily empty. By
adding appropriate attributes, one can always assureninatipty set is not an intentin
order to find cases where no relation can be intentionallyicoous even if numerous
extensionally closed and continuous dual bonds exist.

Another false assumption one might have is that the comditiven in Theorem 4
for being an extent of the direct product are not justisient but also necessary. How-
ever, neither closure nor continuity is needed for a duabtorbe represented in the
direct product.

Counterexample 3Consider the context = ({1,2,3},{a, b, c}, 1) depicted in Fig. 1
(right). DefineR = {(1, 1), (2, 2)}. We find thatR" = {(a, b), (b, a)}. ThusR = R"” and
Ris a dual bond which is an extent of the direct prodkict K. HoweverRis not even
attribute-continuous frorfk to K¢, sinceR™(c*) = R1({1, 2, 3}) = {1, 2} is not closed
in K. On the other hand, using that= R, we find thatR is not attribute-closed from
K€ to K either.

Although this shows that continuity is not a characterifgimture of all dual bonds
in the direct product, we still find that there are many situgt where there is a wealth
of continuous dual bonds. This is the content of the follaytimeorem.

Theorem 5. Consider the context§ = (G, M, 1) andLL = (H, N, J). If
0 is an extent oK or 0 is not an extent at.°

then the set of all dual bonds which are continuous fidto L is (-dense irBq(K x L)
and thus forms a basis for the closure system of all dual bantte direct product.

If the assumptions also hold withandL exchanged, then the set of all dual bonds
which are both continuous frofi to L° and closed fronkK° to L is (-dense as well.



Proof. From Theorem 4 we know that the above sets of dual bonds asetsubf the
extents of the direct product. For density, we recall thatgét of all attribute extents
(m,n)Y is N-dense in the lattice of extents. For eveny ) € M x N, we find that
(mn)Y =m' x HUG x n’. Therefore, for arbitrary exten® c H we calculate

0 ifO=0,
(mn)¥0)=3Gum =G ifn’nO =0,
m' otherwise

In each casen, n)v-1(O) is an extent of¢, where we use the initial assumption tiat
is an extent o if O = 0 is an extent of.¢. Thus any n, n)V is continuous fronk to
L and the attribute extents must form a subset of the set ofreants dual bonds. This
shows the required density property.

Using the additional assumptions for the last part of therthe, this shows that the
dual bondsif, n)Y are also closed frorf° to L. Hence the continuous and closed dual
bonds form g"-dense set as required. O

Note that the previous theorem could of course also be stesied closure in place
of continuity. Furthermore it is evident that dual bondshaf form ¢n, n)Y are such that
the (pre)image of almost any set is an extent. The only eiaestthe empty set, which
is why we needed to add the given preconditions. We rematkhlkae conditions are
indeed very weak. By removing or adding full rows, any cohtean be modified in
such a way that the empty set either is an extent or not. Sheedncept lattices of
the context and its complement are nfieated by this procedure, one can enforce the
necessary conditions without loosing generality.

5 Functional Bonds and Scale Measures

In FCA, (extensionally) continuous functions have beeuisth under the namscale
measuresthe importance of which stems from the fact that they candganded as
a model for concept scaling and data abstraction. Topologyiges additional inter-
pretations for continuous functions in the context of krexlge representation and rea-
soning, but we will not give further details hetdVe merely remark that continuity
between topological spaces coincides with continuity lkeetwappropriate contexts.

Continuity for functions constitutes a special case of irwiity in the relational case
as defined above.

Definition 4. Consider context¥ = (G, M, 1) andL = (H, N, J). A function f: G —
H is extensionally continuoushenever its grapk(x, f(x)) | x € G} is an extensionally
continuous relation, i.e. if £(O) is an extent oK for any extent O of..

Extensional attributeand object-continuity as well as the according intensional
properties and closures are defined similarly based on tiaglgiof the function.

4 Roughly speaking, the potential of topology for our purposssides in its well-known con-
nections to FCA (data representation), formal logic (reasy), and domain theory (compu-
tationfapproximation), all of which are based on essentially theesanechanisms dbtone
duality (see [13] for further details).



This definition agrees with [1, Definition 89], where extemsilly continuous maps
have also been callestale measuregxtensional attribute-continuity (and thus inten-
sional object-continuity) is of course redundant, as thiefeng lemma shows.

Lemma 4. Given context& = (G, M, 1) andL = (H, N, J), a function f: G —» H is
extensionally continuougit is extensionally attribute-continuous.

Proof. The forward implication is trivial, so assume tHais attribute-continuous. Con-
sider an extenB”’ of L. According to theBasic Theorem on Concept Lattijéone has
thatB? = N,cg N’. We find thatf =% (Mg 1Y) = Nnes F1(nY). By attribute-continuity,
the latter is an intersection of conceptskgfand thus a concept. O

This statement relies on the fact that attribute extentg adense in the object
concept lattice and that preimage commutes with intersec®n the one hand, this is
not true for images of functions, and hence extensionabat&-closure does not yield
full closure. On the other hand, though object extents apeesnum-dense, the respec-
tive suprema are not the set-theoretical unions. Hencesixteal object-continuity and
-closure are reasonable notions as well.

The link from functions to our earlier studies of dual borslestablished through a
specific class of dual bonds which can be represented byifunsct

Definition 5. Consider a dual bond R between contd@sM, |) and(H, N, J). Then R
is functionalwhenever, for any g G, the extent R) is generated by a unique object
fr(Q) € H:

R(9) = f(9)”.

In this case R is said tmducethe corresponding functiorkf G — H.

It is obvious that functional dual bonds are uniquely detaad by the function
they induce. In fact, it is easy to see tiris the least dual bond that contains the graph
of the functionfg. However, not for every function will this construction idea dual
bond that is functional. The next result characterizes tinetions that are of the form
fr for some functional dual borig.

Proposition 2. Consider a contexXt = (G, M, |) and a context. = (H, N, J) for which
the map h— h’ is injective. There is a bijective correspondence between

— the set of all functional dual bonds froknto L and
— the set of all extensionally object-continuous functisosifK to L.

The required bijections consist of the functions

— R fgr mapping each functional dual bond to the induced functioth an
— f — R; mapping each object-continuous function to the least dealdowhich
contains its graph(g, f(g)) | g € G}.

Proof. Consider a functional dual boririfrom K to L and the induced mappirfg= fr.
For some objech € H, we find thatR™1(h) = f~1(h33) follows from the defining
property off and Lemma 1. SincRis a dual bondR-1(h) must be an extent and hence
f is extensionally object-continuous in the required sense.

10



Conversely, iff : G — H is an object-continuous function frofd to L, then a
relationR ¢ G x H is defined by settin@k(g) = f(g)’” for anyg € G. ClearlyR maps
objects ofK to extents ofL. For the converse, considere H. As before we find that
R1(h) = f-1(h33) which is an extent oK by object-continuity. ThuR is a dual bond.
Moreover, it is easy to see thRis the least dual bond that contains the graph.ddue
to the assumptions dn, we have thaR is functional inducing the functiofi and we
obtain the required bijection. O

Object-continuity of the function$z is not too much of a surprise in the light of
Lemma 2. The fact that this propertyfBoes for the above result demonstrates how spe-
cific functional dual bonds really are. In contrast, the pmies established in Lemma 2
are generally not dficient for a relation to be a dual bond.

Also note that the additional requirementsigmwhich guarantee that no two func-
tions induce the same dual bond, are again rather weak.dnttexy are implied by the
common assumption that the contexts under consideraticianified.

We can now go further and characterize the antitone Galaisextions obtained
from functional dual bonds.

Proposition 3. Consider a contexXt = (G, M, |) and a context. = (H, N, J) for which
the map h— h’ is injective. The bijection between dual bonds and antitGiaéois
connections given in Theorem 2 restricts to a bijective egpondence between

— the set of all functional dual bonds frofto L and
— the set of all antitone Galois connections fr@y(K) to B,(L) which map object
extents o to object extents df.

Proof. Consider a functional dual bori® from K to L and the antitone Galois con-
nection @r, $r) as constructed in Theorem 2. We claim tfiatmaps object extents to
object extents. Thus considgg(g'') for someg € G and letfg be the function induced
by R. The setR™1(fr(g)) containsg and is an extent sinck is a dual bond. Conse-
quentlyg" ¢ R1(fx(g)). But this shows thafx(g) € ¢r(g") since the latter is equal to
N{R(X) | x € g"}. Therefore we havéz(g)’” C ¢r(g"). The opposite inclusion follows,
sincedr(g") is an intersection of a collection of sets which include&)’? = R(g).
Thus@r(g") = fr(g)’?, which is an object extent df as required.

Now let (4, $) be a Galois connection such thatmaps object extents to object
extents. There is a unique functidn: G — H for which ¢(g") = f(g)* hold for
arbitraryg € G. LetR = Ré.9 be the dual bond induced by,@) as in Theorem 2. But

thenR(g) = #(g") = f(g)’?, for arbitraryg € G, such thaRis indeed functional. O

In the light of the previous proposition we give a definitiam the corresponding
property of Galois connections.

Definition 6. Consider context& = (G, M, 1) andLL = (H, N, J) and a (monotone or
antitone) Galois connectiof = (¢, ¢) betweerB,(K) andBo(L).

Theng is functional(from K to L) if ¢ maps object extents to object extents and, for
any ge G there is a unique objectﬁ(’fg) such that

#(@") = f;(9)”".
In this caseg is said toinducethe function f: G — H.

11



Proposition 3 shows rather natural classes of dual bondsGatais connections,
respectively. However, functional dual bonds do not gdhessise as extents of the
direct product. Moreover, the corresponding class of esitarally object-continuous
functions as described in Proposition 2 appears to be utifideih As Theorem 6 below
shows, the more common class of extensionally continuauifens still allows for a
nice characterization in terms of dual bonds. It will be fielfo first state the following
lemma.

Lemma 5. Consider context® = (G, M, I) andL = (H, N, J). If R is a functional dual
bond fromK to L then we find that for any extent O Ib¥

R0) = fz1(0).

Proof. Let O be an arbitrary extent d°. The inclusionR*(0) 2 f3*(O) is obvious,
sinceR contains the graph d.

For the converse note thRt*(O) is just the union of the seR(h) for all h € O.
As noted in the proof of Proposition 2, we haRe!(h) = ngl(h“) for arbitraryh € H.
But sinceO is an extent ofL°, f,;l(h”) - fF;l(O) for all h € O. Hence we obtain
R(0) c fz1(O) as required. i

Theorem 6. Consider a contexk = (G, M, 1) and a contex. = (H, N, J) for which
the map h— h’ is injective. The bijection given in Proposition 2 restsi¢o a bijective
correspondence between

— the set of all extensionally continuous functions fiigrto L¢ and
— the set of all functional dual bonds frofhto L that are continuous frori to L.

Especially, every dual bond;Rnduced by a continuous function frokhto L° is an
extent of the direct produd x L.

Proof. Given a functionf which is continuous fror toL¢, we must show that the dual
bondRs as specified in Proposition 2 is also continuous. From theeganoposition we
know thatf = fg, and so we can apply Lemma 5 to show tRa%(O) = f~1(0) for any
extentO of L. Continuity ofR; then follows from continuity off .

Conversely, consider the functidp for any functional dual bong that is continu-
ous in the above sense. Using Lemma 5 again, we findRtig0) = f,;l(O) for every
extentO of L° and hence obtain continuity d.

Finally, to show thaR; is an extent of the direct product, one can apply Theorem 4
and continuity ofR;. O

Thus we find that extensionally continuous functions, otesogeasures, are a rather
specific kind of dual bonds. Again we must be careful: It iga@ialy not the case that
all functional dual bonds which are extents in the directdpici are continuous. Just
consider the context = ({g}, {(m}, {(g, m)}). The relationR = {(g, g)} is an extent of
the direct producK x K and it is functional withfg being the identity. However, the
preimage of the empty set (which is closedif) is not an extent oK.

As a dual bond, every continuous function naturally induaesantitone Galois
connection — Propositions 2 and 3 discussed the accordinstretions for object-
continuous functions. Due to their special structure, iommtus functions can addi-
tionally be used to derive another monotone Galois conmecti should not come as a
surprise that these entities determine each other uniguelgr some mild assumptions.
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Theorem 7. Consider contextX = (G, M, l) andL = (H, N, J), and a function f:
G — H which is continuous fror to IL°.

(i) An antitone Galois connectiaopy : Bo(K) — Bo(L) is given by the mappings

f1Bo(K) = Bo(L) : X = N{f(X)?? | xe X} and

é
$1 : Bo(L) = Bo(K) 1 Y > N{FH(y3%) [y e V).
(i) A monotone Galois connectiafy : Bo(K) — Bo(L®) is given by the mappings
Ut Bo(K) = Bo(LS) : X - f(X)** and

Ut 2 Bo(L®) = Bo(K) : Y > FL(Y).

Moreover, ifLL is such that h— h’ is injective, the above mappings provide bijective
correspondences between

— the set of all extensionally continuous functions firo L¢,

— the set of all antitone Galois connectioB§(K) to By(L) that are functional (from
K to L) and for which the induced function is continuous frinto LS,

— the set of all monotone Galois connectidB§(K) to Bo(L®) that are functional
(fromK to L°).

Proof. We observe thaf;(X) = X? andé;(Y) = YR such that (i) is an immediate
consequence of Theorem 2 and Proposition 2. The accordjectibn follows from
Proposition 2 and Proposition 3.

For part (ii), we repeat the proof given in [1, Propositiori8land 119]. Due to
continuityy; = f~1is a function between the specified object concept lattides.the
preimage of any function, it preserves all intersectiohgtv are exactly the infima in
the given lattices. Thug; is the upper adjoint of some monotone Galois connection.

The lower adjoint of} ; then is defined to be the function
X ﬂ {¥33 1 xc 74(y33)} = ﬂ Y331 1(x) € Y3 = £(X)*% = g4 (X).

Consequently; is adjoint toy ¢ as required.

To show thaty; maps object extents df to object extents ofL¢ consider some
arbitraryg € G. f71(f(g)¥3) is an extent ofK which containgy and hencey''. Thus
f(g") c f(g)** and therefore/(g") C f(g)*>. But sincef(g) € f(g") this shows
vi(g") = f(g)*® as required. Now it is easy to see thahif> h? is injective, then so
areh — h¥, h - h* andh — h%3. Injectivity of h — h*? entails that {;, 1) is
functional.

For the converse of the claimed bijection, consider any namm®Galois connection
(W, ) : Bo(K) — Bo(L®) which is functional in the above sense, andfléie the induced
function. Given some extetq of K we calculate

J(X) = ¢ (VIX' 1 xe X)) = VIgKX") | xe X)
V0P Ixe X) = (UIT* 1xe X)) = £(x)%,
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where we used that preserves suprema and tHatepresents the value @fon object
extents. But this shows thatis indeed the mapping; induced byf as above.

As an extension to the proof from [1], we also show explicitigt the functionf
is continuous fronK to L¢, which does not seem to be entirely obvious. Thus consider
some exten¥ of L and observe that

g(f*M") = g(Vig" Ige 1Y)
= VIg@) lge f2 ) = VIF@* Ige YY),

which is clearly a subset of the exteritNow for everyg € f~1(Y)", we find f(g') €
w(f71(Y)") and hence (g') € Y as required. O

Part (ii) of the theorem and the corresponding bijectiomskaiown (see [1, Propo-
sitions 118 and 119]). Note that the two Galois connectioomfthe preceding result
are not obtained from each other by some simple dualizings iShalso evident when
comparing the dferent side conditions in both cases: functional monotoriei&eon-
nections always relate to continuous functions, while icarity has to be required ex-
plicitly for functional antitone Galois connections. Tatlhier explain the situation, we
can dualizeL to obtain the following result:

Corollary 2. Given context&X = (G, M, 1) andL = (H, N, J), there is a bijection
between

— the set of antitone Galois connectidB§g(K) — Bo(L) which map object extents to
attribute extents and
— the set of functions f G — N which are extensionally continuous frdrto LY.

6 Infomorphisms

Infomorphisms are a special kind of morphism between fonatexts that have been
considered quite independently in ratheffelient research disciplines. The name “in-
fomorphism” we use here has been coined in the contextfofmation flow theory
[4]. Literature on Chu spaces means the same when speakiug ‘@hu mappings”;
institution theory[3] refers the corresponding definition as the “Satisfactondition”
without naming the emerging morphisms at all. In FCA, thétané version of these
morphisms has been studied under the n&roatext-)Galois connectid®, 10].

Probably the most decisive feature of informorphisms isdeslity, an immediate
consequence of their symmetry. Some of the relationshitredas infomorphisms and
Galois connections are known, but our results in earliciGes reveal a more complete
picture.

Definition 7. Given contextX = (G, M, 1) andLL = (H, N, J), aninfomorphismfrom
K toL is a pair of mappingsfﬂ: G > Handf : N > M such that

gl f(n) ifandonlyif  f(g)Jn

holds for arbitrary ge G, ne N.
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We first establish the following basic facts.

Lemma 6. Consider contextX = (G, M, 1) andL = (H, N, J). The infomorphisms
fromK to L are exactly the infomgrphisms fraigf to L°.
Given such an infomorphis(t, f) and sets G G, AC N, we find that

f1a) = f(a)', 1A=, fHo)=f0) and 0= fO)°.

Especially,f is extensionally continuous frofi(©) to L) and f is intensionally con-
tinuous fromL(®) to K(©),

Proof. The first statement is immediate from the definition of infoptosms. Now for
somen € N we find thatg e f-1(nY) iff f{g) J niff g | f(n)iff g e f(n)'. This shows
that f~1(n%) = f(n)'. Now for arbitrary seté c N, A’ = N, N’ and we can calculate
A = T (Npea’) = Nnea £
|
= Mnea F(N)' (Unea T) = T

The other cases follow by dualization gadcomplementation of this reasoning. O

Using these continuity properties, we can already speaifyraber of possible Ga-
lois connections constructed from infomorphisms. We réntiaat continuity between
two contexts is in general not equivalent to continuity bedw the respective com-
plements, such that Theorem 7 can be applied to one part effamorphism in two
different ways, whereas this is not possible for arbitrary cmetiis functions.

From Theorem 6, we know that we can obtain continuous dual®émm bothf’
and f. Since these relations are extents and intents, respigctivéhe direct product,
one may ask whether they belong to the same concepts or reotolldwing proposition
shows the expected result.

Proposigion 4. Consider contextX = (G, M,l) andL = (H, N, J) and an infomor-
phism(f, f) fromK to L. Define relations RZ G x H and SC M x N by setting

R = (@ and S*n)=fmn)'".

Then R is a dual bond froiii® to L which is an extent d&¢ x L with R" = S.
Furthermore, R is extensionally continuous fréithto L. and S is intensionally
continuous fronL° to K.

Proof. Sincef is continuous fronke to L€ (Lemma 6), the fact thaR is an extent of
K¢ x L and continuous in the required sense follows from Theore8Tbis obtained
accordingly fromf and thus is a dual bond froii® to K¢ which is continuous as
required.

As already observed in the proof of Proposition 2, the dédiniof S—* yields that
S(m) = F-L(m") for arbitrarym € M. ThusS(m) = Ugy F2(g') which is equal to
Ugem T(9)? by Lemma 6. Due t8* being a dual bond fror.? to K¢, S(m) is an

intent of L. Hence the above union is equal(tggem f*(g)”)J which is justR(m')?. By
Lemma 3R(m')? = RY(m) such that we find(m) = RY(m) and thusS = R". o
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Observe that the above constructionrofandS) relies only on the continuity of
f from K¢ to L° (and the corresponding continuity 51). One can also construct a
dual bond based on the continuity properties of these fanstbetween the non-com-
plemented contexts. However, Proposition 4 does not impyyralationship between
these two dual bonds beyond the obvious fact that they inthecsame infomorphism.

We already know that the dual bonds induced by (one part ofpfamorphism
have rather specific properties. The next result shows liesetfeatures are fficient
for characterizing the respective dual bonds.

Proposition 5. Consider contextX = (G,M,l) andL = (H,N,J) and let R be a
dual bond fromK® to L such that both R and'R? are functional. If R is extensionally
continuous then the functions induced by R afid'Ronstitute an infomorphism from
KtoL.

Proof. Denote the functions induced R/andR" ! by f andf, respectively, and con-
sider somen € N. We calculate

f) = R7H )" = R = RY(m),

where the first and second equalities follow from Propositicand Lemma 3, respec-
tively, and the last equality uses continuity Rf Clearly f-1(n%) ¢ R-1(n3). For the
other direction, assume thgte R™(n%). Then there is somk 3 nwith g R h i.e.

h e f(g)?*. But thenh? 2 f{(g)” and thereforef(g) 3 n. This showsgy € f~1(n%) such
that the latter is equal tB1(n%). In summary, we thus obtaii(n)* = f~1(n¥) which is
equivalent to the statement

gt f(n) if f(g)3In,
which states thatf{ f) is an infomorphism as claimed. O

Note that, according to Lemma 4, extensional continuityfofrectional dual bondR
is equivalent to extensional attribute-continuity. Tgurn implies intensional object-
closure ofRY (Theorem 4) which, sincB"! is also functional, implies the closure of
RY. Thus our assumptions are perfectly symmetrical. FurtoeenPropositions 4 and
5 induce a bijection between infomorphisms and the destigtaess of dual bonds.
Having understood how infomorphisms are characterizedrimg of dual bonds,
we can specify their relationship with Galois connections.

Theorem 8. Consider context¥ = (G, M, 1) andL = (H, N, J), and let f= (ff f) be
an infomorphism fronK to LL.

— An antitone Galois connectiah : Bo(K) — Bo(LF) is given by the mappings
Gt BoB) = BoL9) : X > N{F0* I xe X} = N(F?(¢)* |xe X} and
Jr 1 Bo(L%) = Bo(®) 1 Y = NI Iy e Y) = N(FE) TyeY).
Further, three antitone Galois connectiof : Bo(K®) — Bo(L), ¢$ . Bo(KY) —
Bo(L) andg¢f® : Bo(K*®) — Bo(L?) are defined similarly, using the complemented
incidence relations (fo(-)¢) and exchangingﬂand f (for (-)9), respectively.
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— A monotone Galois connectign : Bo(K) — Bo(L) is given by the mappings
Ut Bo(K) = Bo(L) : X > f(X)%? = f1(X1)? and
Ut Bo(L) = Bo(K) : Y — 1Y) = f(YI)'.

Another monotone Galois connectigh : Bo(K®) — Bo(L°) is defined similarly,
but with all incidence relations complemented.

Proof. The fact that the above mappings consitute Galois conmecti@tween the
given concept lattices is an immediate consequence frororéhe7 together with the
continuity properties of infomorphisms as establishedrmpBsition 4.

We have to show that the claimed equalities hold.gahe equalities are obtained
by applying Lemma 6 to the sets of obje¢i$ (x € X) andy’ (y € Y), respectively.
Likewise, the equalities within the definition ¢f follow by using Lemma 6 oiX and
Y? O

Note that Proposition 4 shows that the antitone Galois ccn'rtms@j andqﬁfd can
also be constructed as in Corollary 1 from the two dual bondaded by the function

f, Especially, Corollary 1 does not yield any further Galasections.

7 A Concept Lattice of Morphisms

The above considerations show that scale measures andargbisms can be identified
with special types of dual bonds, and thus that part of thikvean also be regarded
as a study of various attributes of dual bonds and of the oaptins between them.
The resulting concept lattice of context-morphisms is espnted by th@ested line
diagran? in Fig. 2.

To see that the information represented in this conceptédais indeed correct,
one can compute the induced set of implications betweerttiibwtes to obtain the
following collection of inference rules:

attr.-continuouX — L°® = extentofK x L Theorem 3
continuouk — L° = attr.-continuouX — L° Definition 3
infomorphismK — L® = continuousk — L¢, functionalk — L Proposition 5
functionalK — L, attr.-contK — L° = continuouk — L¢ Lemma4
attr.-closed® — L = extentofK x L Theorem 3
closedk® — L = attr.-closedk® — L Definition 3
infomorphisnL —» K¢ = closedK® — L, functionalL — K Proposition 5
functionallL — K, attr.-closedK® - . = closedK® — L Lemma4

As usual, collections of attributes on either side of theliogpions are comprehended
as conjunctions. As the last column documents, each of ihgdeations has indeed
already been established within this document.

5 The concept lattice represented by a nested line diagrasistsiof the boldfaced nodes, where
connections between boxes represent parallel connedietmgeen boldfaced nodes at corre-
sponding positions wrt. the background structure. Seef175].
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extent ofK x L-_| dual bondK — L
attr. closedk® — L attr. continuoux — L°
closedk® — L continuousk — L°¢
scale | functionallL. —» K functionalK — L | scale
measure ] ™ measure
L - K K—->L®
R1
\ /
infomorphism infomorphism
L - K° K—L®
R ORs? ™ o Rs
R41 R4
R3-1 R3

o]

Fig. 2. The concept lattice of the discussed properties of dual fatidplayed as a nested line di-
agram. The included attributes are defined in Definition A(Bond), 2 KxL), 3 (continuity and
closure), and 5 (functionality). The attributes “scale smwga” and “infomorphism” refer to the
dual bonds described in Theorem 6 and Proposition 5, rasplctand thus imply functionality.
The labelsR1 to R5 andR2? to R57! denote the objects of the formal context in Fig. 3.

Conversely, we claim that no further implications betweenjanctions of attributes
hold for the considered properties. To substantiate thisgiwe conducted aattribute
exploration(see [1, pp. 85]) for the attributes used in Fig. 2 — a task Wzt greatly
simplified through the use of the free softwaenExp® After reducing the resulting
collection of objects, we obtained the dual bonds and fonoatext displayed in Fig. 3.
To check that each of the given objects indeed has the spkaifigbutes, first note
that the attributes oR27* to R5~! are determined by the properties of their inverted
variants. Thus it remains to verify the attributes Rirto R5. Considering the fact that
the above implications have already been shown, this taklces to a small number of
straightforward computations, which we will not includeée

Finally, we want to remark that the conjunctive implicasamonsidered in FCA can-
not describe all possible relationships between the at&#of a context. In particular,
it could still occur that some properties are just disjuomsi of others, i.e. that some
suprema in the concept lattice are computed as simple satairCounterexample 3
demonstrates the reasoning that is necessary to exclutiecases explicitly. We re-
frain from giving similar counterexamples for each of thecé@cepts in Fig. 2, since it
is rather evident that all of them are indeed object-corscepappropriate dual bonds.

6 Concept Explorerhttp://sourceforge.net/projects/conexp
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© 3} © =
R R EINE [Kaflalb]  [Ko[Jalblc[d] [Ks[la[b]cld]e]
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o|lc|2|c|2|E|S|8| 3 3 3
~|e|lsl|lals|g|2|=2|T XX XX X
c|S =] QIE|?| D
c|C|E|BIE|L 2ll| o
</S|€|S|L|E|5|E|L
$|2|E|2|E|8|8|R|T [Kq[lalb]  [Ks[[alb]c[d]

= X X 1 |x 1 (x| |x

R2 || x| x| X X | x| x 2 X 2 alls

R3 || x| x| x|x X[ X | x| X%

R4

R i i i X : i T R1 : Rfrom Counterexample 1

it I RKs— Ky R2={(11)(22)}

o R3:Ks — K4 R3={(11),(22)
e R R4 :K;— K, Ré={(11).(22).(33)
XX XX XX R5:Ks —» Ky R5={(11)(21)

R51|| x x| x| x|x]x]x

Fig. 3. A formal context for the concept lattice from Fig. 2 and théildon of the dual bonds
that consitute its set of objects.

8 Conclusion and Future Work

In spite of the rather complete picture of the mutual retestups between dual bonds,
scale measures and infomorphisms obtained in our consimlesathere are many other
aspects of the theory of morphisms in FCA which could not besictered within this
article; they are left as possible directions for futureesrsh. As mentioned in the in-
troduction, the use of morphisms to model knowledge trarefd information sharing
may employ methods from category theory (see e.g. [14, Bbf)not all of the above
morphisms immediately yield categories of contexts, esflgsince antitone Galois
connections cannot be composed in an obvious way. As ago]uthe can dualize one
context and considdrondswhich yield monotone Galois connections that can be com-
posed easily [1]. One can also restrict to special classdealfbonds: scale measures,
infomorphisms, and dual bonds that are both closed andreanis all allow for rather
obvious composition mechanisms.

The next step after identifying possible categories is v@stigate the properties
of these structures. What are their natural interpretatiorterms of knowledge rep-
resentation? Do they support all of the constructions tingt imay be interested in?
How are they related to other known categories, e.g. from#&bdogic, order theory,
or topology? This does also involve comparisons to the usfigentext-morphismsin
institution theory and information flow, where a relaxatafrthe rather strict definition
of infomorphisms may yield advantages for certain appilcest

In institution theory, many specific collections of formalntexts have been intro-
duced in order to handle given logics, basically by consimgdgthe consequence relation
between the models and the formulae of a logic as a formaéganh this setting, dual
bonds allow for a proof theoretic interpretationcamsequence relatiorsd may have
special properties due to the additional (logical) redtiits on contexts. For example,
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compactnedsof classical propositional logic yields additional comiity and closure
properties of dual bonds between (appropriate complenoéntise respective contexts.
Furthermore, extensionally continuous functions betwsea contexts are continuous
in the usual topological sense with respect to the assac&ttEne spaces (see [13]).

Besides the mentioned (onto-)logical and categoricalstigations, there are also
further questions related to lattice theory. We alreadyegeivaracterizations for the
Galois connections that are induced by certain types of boatls, especially in the
functional case (Proposition 3, Theorems 7 and 8). For mé#rerdypes of dual bonds,
the corresponding descriptions are missing. Likewis@oalgh dual bonds are closed
under intersections, we are aware of no (non-canonicategbthat has all dual bonds
as extents.

In FCA, the concept lattice of the direct produ€tx L is known as thaensor
productof the latticeB(K) andBy(L). Theorem 5 showed that the study of dual bonds
can also yield additional results on the tensor productiusther relationships between
both subjects have not been investigated yet. As shown iBd&, 15], infomorphisms
can be represented by a concept lattice as well, but the féthéscstructure in the light
of our present investigations still needs to be explored.

Finally, many other results from [1, 9—11] could not be dissrd here due to space
limitations. It would be a useful endeavor to compile theilatde knowledge from
these publications in a systematic way and to investigatat wtditional insights are
obtained in the sum.

AcknowledgementVe very much apprechiated some comments by the referees,
which helped us to improve our presentation.
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